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Model-Based Feedforward Precompensation and VS-Type
Robust Nonlinear Postcompensation for Uncertain Robotic
Systems with/without Knowledge of Uncertainty Bounds( [ )

Sam-Sang You* and Seok-Kwon Jeong**
(Received August 7, 1995)

In this paper, a robust motion tracking control algorithm for robotic manipulators is
proposed where the higher-order system uncertainties are taken into account. The control
structure consists of two main parts: a model-based precompensation part and a robust non-
linear controller one. Specifically, with knowledge of possible upper bounds on uncertainties,
we propose the nonadaptive version of robust controller. Stability and robustness issues of the
controllers have been investigated via a Lyapunov method and it is shown that the proposed
control algorithms are highly robust in the presence of significant system uncertainties. Finally,
the computer simulation results are presented to validate the proposed algorithm.

Key Words: Uncertain Robot, Motion Tracking, Precompensation (Postcompensation),
Variable Structure (VS), Robust Nonlinear Control, Deterministic Approach,
Norms, Structured (Unstructured) Uncertainties, Lyapunov Stability, Uniform
Ultimate Boundedness (UUB), Chattering.
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1. Introduction

Currently, robotic manipulators are often
expected to solve a wide variety of automation
needs in many modern industries. Thus, the devel-
opment of effective (and reliable) control algor-
ithms will be an important step toward high-
speed and -precision robot system.

Research has shown that many physical systems
contain various which include

structured and unstructured uncertainties. Several

uncertainties,

model-based control schemes, such as inverse
dynamics and passivity-based controllers, have
been presented for motion control - of robots.
Craig et al. were one of the first to examine this
approach in detail. Among the
approaches to improving system performance

various

under parametric uncertainties, adaptive control
method (Craig, 1987; Slotine, 1987 ; Ortega,
1989 ; Sadegh, 1990 ; Chen, 1990) has been used
extensively. During last decade, several research
papers dealing with the control of uncertain
dynamical systems have been published. In this
paper, based on the deterministic approach, the
robust control method for uncertain systems is
discussed for real-time applications. One of the
useful design method is variable structure (VS)-
type control schemes.(Qu, 1992; Spong, 1992;
Abdallah, 1991 ; You, 1994a; You, 1994b) Ab-
dallah et al. surveyed the robust control of robotic
manipulators. Although some works have been
done in this area to date, more studies still need to
be conducted to ascertain the effectiveness of a
control system under higher-order uncertainties.
Specifically, this paper suggests a decentralized
control method. Up to this point, many advanced
control strategies employed fall into the following
categories: cope with relatively small uncer-
tainties; utilize computationally complex algorith-
ms; synthesize purely discontinuous controllers.
The aim of this investigation is to study the
robust trajectory tracking controllers for an un-
certain robotic system, which will overcome all
the defects in earlier methods. The control algor-
ithm consists of two major components: the

nominal (or primary) control and the robust
nonlinear controller. The uncertainties assumed
are bounded by higher-order polynomials in the
norms of system states. The nominal values of
robot parameters are used in the primary control
law instead of updating model-parameters on-line
(as in the centralized adaptive control approach).
It is shown that all possible responses of the
corresponding closed-loop system are at least
uniformly ultimately bounded under significant
uncertainties.

This paper is organized as follows. In Sec. 2,
system description and formulation are presented.
In Sec. 3, the robust nonlinear controtler has been
proposed with known uncertainty bounds. In Sec.
4, numerical simulations are conducted to test the
performance of the closed-loop system, while the
conclusions of the research are summarized in
Sec. 5.

2. System Description and
Formulation

Based on the Euler-Lagrangian dynamics, the
mathematical model of »-DOF (degrees of free-
dom) rigid manipulator with open-loop chain can
be written in compact vector-matrix form as fol-
lows : (Craig, 1987 ; Slotine, 1987 ; Ortega, 1989 ;
Sadegh, 1990; Spong, 1992; Abdallah, 1991 ;
You, 1994a ; You, 1994b)

Mg; @)g+Clq.q;: ®qg+G(qg: @)
+ T (q.¢)=T, V=0 (N

where q(=R"), ¢ and § are the vectors of
generalized positions, velocities, and accelera-
tions, respectively ; M (g ; ©) S R"*" is the iner-
tia matrix; C (g, ¢ ; @)< R"™ " is the nonlinear
coupling terms representing the centrifugal/Cor-
iolis effect; G (g; @)= R" is the gravitational
torque vector ; T & R” represents the generalized
torque vector ; T, (q, ¢) < R" is the vector of the
unstructured uncertainties whose functional struc-
tures are poorly known or completely unknown,
such as friction, link and joint flexibilities, exter-
nal disturbances, sensor and actuator noises,
strengths of interactions from other subsystems,
and other unmodelled dynamics; @< R™ repre-
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sents the vector of bounded system parameters,
such as link masses, link lengths, and moments of
inertia.

It is well known that the dynamic model (1)
having revolute joints satisfies the following
essential properties.(Craig, 1987 ; Slotine, 1987 ;
Ortega, 1989 ; Sadegh, 1990 ; Spong, 1992 ; Abdal-
lah, 1991 ; You, 1994a ; You, 1994b ; You, 1994c)

[P1]: M is symmetric and positive-definite
matrix, i.e, M=M">0. ¥V (q, ). Furthermore,
M (C> function) is uniformly bounded as §,< |
M| <6, V(g ©), where §, and §,(< o) are
some positive constants.

[P2]: A part of the dynamics (1) is linear in
terms of a suitably selected set of system parame-
ters

Mg; ) x2+C(g.q; O)x+G(g; 6)
=Y (q.q.x. %) 6, V{g.¢q.x.2)=ER" (2)
where Y& R ™ is called the regressor matrix ;
and the vector @< R™ belongs to a bounded set.
[P3] : 2" (M—2C)x=0, Vax<R" Namely,
(M —2C) is a skew-symmetric matrix with

drC;(q; (’9)
Clg, G; O =| ¢"C.lq: 0 (3)
G"C.(q; 0)

where (C,& R"* are symmetric and bounded
matrices, which may be defined as

—~ 1, om; [ om \T GMﬁ]
.= /2{ oq +< oq ) 0q:

where m, denotes the jth column (or row) of M,
and ¢, is the ;th component of g.

[P4]: Clq, x)z=Clg, 2)x. V{(x, 2, @ &
R". Also, it is known that the norm of ( satisfies
ICl<alqgl V(g. ¢ ), with a=ER"

[P5]: G(C* function) is bounded by | G | <
a» where @, is a scalar constant.

Now, consider the following assumptions for the
problem formulation.

[A1l]: The vector @=[f- G- 6,]" 1s not
exactly known, but the variation of g; is within a
prescribed range ¥,=[4,, §.]C R, where §; and
@ . are known positive constants. Therefore, we
have ¥=U,x--x ¥, in which @ (€¥) is a

nonempty and compact set.

[A2]: The desired trajectory {g,= C* function)
and its derivatives are all continuous and uni-
formly bounded by

d;=sup ,(=0,1,2)

teRT

where ¢/, (< o0) are known positive constants.

A class of tracking errors are defined as fol-
lows : e R" is the vector of the position tracking
errors, e,=q — gy With é,=de,/dt, where ¢,
K" is the desired position vector ; the reference
tracking errors ¢,= " are defined by é,= ¢,
— Fe,, with F=cE,, where £(>0) is scalar
constant; the sliding surface variable vector e,&
R is defined as es=¢q — é,-

Lemma 1: If | e,(#) || £ d (< oo is satisfied

for any te=[#, o0), then

” ey (1) ” Sexp[~e(z‘*z‘o)]{” ey t) ”
~d/el+d/e (4)
and
el <d+elestt)] (5)

Proof: The proof is a straightforward.(You,
1994c¢)
In fact, this lemma shows that the norm bounds of
ey and ¢, can be obtained from that of e, thus
the corresponding ultimate bounds in (4) and (5)
are respectively given by

limle,(t) ]| =d/e and
tm | é.(1) | =24
In the special case, if ¢ =0, then lim || e, (¢) | —
t—w
O and lim| é,(¢) | —0

Thus, in this study the control objectives can be
thought of as follows :

lim sup I ep(t) || <7, and

lim sup| é.(t) || <70V 20

where the desired tolerances 7 , and 7 , (S R™)
can be considered as a measure of closeness of the
system tracking performance to the asymptotic
stability (7 ,= » ,=0).(Sadegh, 1990; Chen,
1990 ; You, 1994c; Sastry, 1989) That is, the
design objective is to formulate a control input
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vector so that the actual system responses track
the desired quantities as closely as possible irre-
spective of significant uncertainties.

Now, the general control structure (see Fig. 1)
is given in the following form (You, 1994a ; You,
1994b)

T=T,+T, t=0 (6)

which is the sum of two major parts. That is, a
model-based feedforward precompensation (or a
nominal controller) is chosen by

n=Mo(qQu; Gu) €,+ Colgu G Op) €,

+ G ( qa- “) —~ Kes (7}

where My, Co, Go. and @, denotes the nominal
values of the true values M. C, G. and @ via
modeling, respectively ; the teedback gain matrix
K =KE, is chosen by the system designer, with
(K >>0) . And an auxiliary control input (or a
robust nonlinear control), T ,& R7, is intended to
account for both the compensation error and the
unstructured uncertainties, and its structure is
specified later. In fact, the model-based portion
can be calculated off-line, since the desired trajec-
tories and the nominal values of dynamic parame-
ters are known in advance. Substituting (6) into
(1) along with some algebraic manipulations

becomes
Mé=- Ces— (T,+T) —Kes+ T, (8)
where
To=[M—Mé.+[C-— Cé,
+[ G- Go) ‘ (9
which represents the structured uncertainties

caused by system modeling errors (or parameter
variations).
Remark : For the vector of nominal values @,=

[B1- Goir+* bom )", the { th nominal value g, may
be selected as ,='/,(6;+ 0 ), that is, the mean
value of the admissible range of g;, otherwise by
designer’s convenience.

In deterministic control approach, the possible
upper bounds on the system uncertainties can be
expressed in the general form

| Tsll <@s(t. e €,) and

| Tull <@t ep €1)
where @, and @,(€R*) are continuous and
scalar bounding functions.
First, the following properties are stated for the
system dynamics (1).

[P6] : There exist scalar bounding constants p,;

=R", Vi€ R, such that

(i) pu= sup  sup [ M- M|
(6, Be¥ (G.a.1=R7
i) €= Gl = prlgl +pnl| gel
with pp=sup sup>%_ || C.| and
LR L
piz=sup sup 211 Co; |
G e R
(111) Ms= Sup sup H G— GO H

(RN RS TR R (e
[f the augmented tracking error vector z € R% is
defined as z =[e,"e,7]’, then the following
assumption and lemmas provide the possible
upper bounds on the uncertainties.
Lemma 2 : The structured uncertainties ( 7) are
bounded

| 7ol <anta | z | +al z P=as
where (7 =0, 1, 2) are known positive constants.
Proof: See Appendix A for the complete proof.

[A3]: The unstructured uncertainties (T,) are
given in powers of || z |

| Tl sbot ol 2 ||+ +bn ] 2 |
=5 bi| 2z |'= .

where 4; (=1, ---, m) are known positive con-
stants, and s is the highest order of ¢, in the
system uncertainties.

Lemma 3: The combined (or structured and

unstructured) uncertainties are bounded by
| T Tull < | Tl + | T )
S/(,'()’F Cy H Z “ ++("l “ r4 ”m
:;2;1:,1(.1_ “ z “i:: O,

al=a~+ bl)v C‘z( =a+ bz),
-, m) are some known con-

where co( = a0+ bo)>
and c(=p,; 1=3, --
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stants ; @s(=@s+ @) R is continuous and
known scalar bounding function.

In fact, the robust nonlinear control (T,) in
the error dynamics (8) is intended to postcompen-
sate for T, and T, (equivalently, @,)

3. Synthesis of Robust Nonlinear
Control

In this paper, the uncertainties under considera-
tion are assumed to be known ; that is, g priori
knowledge of uncertainty bound on @, is
required. If the information on @ is unknown,
then the adaptive mechanism, which will be
discussed in the subsequent paper (] ), can be
employed to estimate the system uncertainties.

The robust control structure with VS-type
scheme (see Fig. 1) is given by (Qu, 1992 ; You,
1994a ; You, 1994b)

e
“Telo. =0 (10

with 7 (¢) =0 exp(—«t), the design
parameters ¢ and x are non-negative constants.

T,=
where

Clearly, the existence of 7(¢) in T, guarantees
the continuity of control input vector even when
| es(#) || becomes zero.

Remark : The VS-type nonlinear controller
(10) can be discontinuous as ¢ — oo, i.€., lzim” (4)

- 0, but we are mainly interested in the trajec-
tory tracking properties in a finite time.

The system stability and the tracking perfor-
mance (including the robustness issues) are given
in the following.

Theorem : With the known coefficients (¢) on
the uncertainty bounds in Lemma 3, the solutions
to the closed-loop error dynamics (8) under (10)
are globally stable (or bounded). That is, there
exists the compact set {or closed and bounded set)
/1 such that for all (e,(0), ¢,(0), e;(0))= A,
every trajectory, with 70(¢s >0, x=0), globally
converges to the following residual set (or the ball
of attraction) with the ultimate bound V/:

A={esER": V(L es) < V;h VIER®

where V,=¢/v and y=2K/Anax (M), with AC
/1. Otherwise, all signals under the conditions
that »=x0(¢>0, x>0) or z=0(s=0), are

globally exponentially (or asymptotically) stable,
i.C., ltlm (epa éw es) —')0
Proof: The proof proceeds by choosing a

Lyapunov-like function (at least a C! function), p
(t, es) : R*XR"— R*, which is given by

V="/:es’"Mes, M >0 (1
By introducing Rayleigh’s principle,(You, 1994c)
we observe that

l//Z/imln(./'[) ” €s HZS V< 1/2/.lmax (1”) ” €s “2
in which M is a positive-definite matrix, accord-
ingly, Amin(M) >0. The total time derivative of
the scalar function 1/ is given by

V=e'Més+"/2es"Me,

:esr{“ Ces— (Tu+ Ts) —Kes

lﬁi‘-l’,fé;sq}w/zexnfes (12)
By using [P3], we obtain
. O es |
. T o s s
Vgu €s ”@s es'Kes ‘es ®s+77 (13)
from which
e T _ O@H&JL
VS €s Kes _”—;?s ||@5+77
<-Kl|es|*+7 (14)

Hence, we have the following differential inequal-
ity

V<uV+yp (15)
with y=2K/Amax (M) =0. It can easily be verified
that the solution of (15), with »=0(5>0, £>0),
can be written as

+exp(—kt) o/ (v—k)], v#F«

<exp(—vt)[Vi—o/(v—0)]
g
<exp(—uvt) Vo+atexp(—vt), v=« (16)

where V4= V,=0(0, e5(0)) and '/;Amin (M) ” -
(0) < Vo< 24max (M) || €5(0) [*. From (16), it
is shown that

év'lz/ ;lmin(M) {exp(‘ I/t) [l,r'/z/lmax(M) ” es(o) “2

¢ B il
V_K]+exp( ki) p—

g\/-; Amin(M)i{exp(" l/f) [1//2/1max (AM) ” €5 (O) HZ] +ot

exp(—ul) "2 y=x

e
” es|

{17

Moreover, by Lemma 1, the uniform boundedness
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of e, also guarantees those of ¢, and ¢,. Thus
from (16) and (17), we can conclude that the
solutions (e,, é,, e;) are globally exponentially
stable for any bounded initial values. If 7=0(g >
0. x=0), i.e., a saturation-type controller, then
V<exp(—uvt)[Vo—a/v]+o/v (18)
Accordingly, the uniform ultimate boundedness
(or UUB)(Chen, 1990; You, 1994c) results of
system responses are achieved with respect to 1/,.
In other words, for V,=¢g/y =0, |V is nonin-
creasing, that is, V<0 for all (7, e;,) = R* X R"
such that V>V, (or VC A°). And its ultimate
bound is given by OgymV:irt\fV:V,,«g Vo
Furthermore, the norm of joint tracking errors

converges to the following ball, which is measure
of the size of uniform ultimate boundedness :

Qlesy=les=R™: | e <26/ [ Ao (M) v}
from which one can show that | e, || and | é, |
are also ultimately bounded by
.Q(ep) :{EpERn . ” € ”g (1//6) \“’20/ Am—)—’/]—}
Q(é)={e,€R": | €.]<2/26/[Ama (M) L]}

This concludes the proof of the theorem. As a

results, it is shown that all signals (or the tracking
errors) in the closed-loop system are at least
uniformly ultimately bounded.

Remarks :

1) For the specific value =0 (or ¢=0) in
(15), i.e., purely discontinuous VS control law, it
can be easily seen that the closed-loop system is
also exponentially stable. That is, since |/ is
nonincreasing function of ¢, which is upper
bounded by V, and bounded from below on zero,
1.e., es< L., we have

OéK/OwII es(7) | dr< %*LiInV<OO

which implies that e;< [,. Now, we can obtain
ec L. from Eq. (8), thus, e, ,N L., and é,&
L.. By Barbalat’s lemma,(You, 1994c: Sastry,
1989) we can draw a conclusion that e¢,— 0,
equivalently, ¢, — 0 and é,— 0 as { — oo

2) Therefore, we have achieved stronger stabil-
ity results in both 7=0(or s=0) and 7=0(¢>0,
¥>0), li.e., asymptotic stability, than those
achieved in »+0(g+0, x=0).

4. Simulation Example

To illustrate the tracking capability of the
control algorithms, we present a computer simula-
tion example on a two-link mechanical manipula-
tor (see Fig. 2} whose dynamic model can be
expressed as(Ortega, 1989 ; You, 1994c)

Ti=m (4 G2) +melileca R+ §2)
+ (ma+m2) b2 G 1— meh b2 G5°
~2m.2/, /252(2 idet mzlzgc‘u
+ (mu+mz) hga+ Tu
To=malilacs é]'1 + nia 122( ('1'1 - (12)
+ w2l bos2 G T+ malogcrat Tus
where §,=sin(g;), ci;=cos(g+q,), €C.; my
denotes the mass of the second link plus unknown
payload.

The robot parameter vector @ is defined as @
=[/ilzmimz]|", and the corresponding actual val-
ues of @ are assumed to be /,=/,=1(m) and my,
=my=1(kg) . For simplicity, the nominal values
are chosen by @=[1.0 1.0 1.5 1.25]7. The initial
conditions for the actual joint trajectories are
given by ¢,(0) =g, (0) =0(sad) and ¢,(0) =g,
() =0(yad/s), and the desired trajectories are
supposed to be g, (1) =gu.(t) =0.1%cos(10¢).
Let the system uncertainties be assumed to be T,
=qit Gitqig it g+ g teos(wpt), with (=
1, 2), where @,=2.0 or 100(yqd/sec). The
known uncertainty bounds are given by ¢=[10 10
10]7, where the highest order of polynomial
bound in @, is selected to be m=2, ie, qua-

Unknown payload A

-

A

Fig. 2 Model of a two-link robot manipulator
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dratically bounded uncertainties, however, more
significant uncertainties may be assumed if neces-
sary. The numerical values of other design vari-
ables are selected as K =200, e=2, »=0.7(5=0.
7, #=0).

The simulation results are given in Figs. 3~9.
Provided that the other design variables are un-
changed, the chattering phenomena are observed
with specific choices of 7=0.1 (see Figs. 7—8)
As a final remark, we also provide a simulation
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§ -
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Fig. 5 Shding velocity tracking errors (¢, = 100,
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Fig. 4 Jointvelocitytrackingerrors (g, = 100,7=0.7)
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Fig. 3 Joint position tracking errors (g, =100,
7=0.7)

result to compare the performance of the
proposed control laws with that of the PD con-
troller (T =hpe,+ k,6.), Wwith control gains
being the same (i.e., k,=~4k,E>» and kb, =k E;.
with %£,=400 and 4,==200). It appears that the
closed-loop system with the PD control is unsta-
ble (see Fig. 9). The results indicate that the
control law gives better tracking properties than
the PD control and that all signals of the corre-
sponding closed-loop system are guaranteed to be

150
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Fig. 8 Joint torques(w,=2.0, 5=:0.1)
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controller

ultimately bounded under a given class of the
uncertainties.

5. Conclusions

Based on a deterministic approach. we have
_addressed the robust trajectory tracking control-
lers for an uncertain robot system. [t ts shown that
the control scheme consists of two major parts,
that is, fully model-based feedforward plus PD
compensation and robust nonlinear controller.
The torque computations in the model-based
feedforward part can be performed off-line since
the desired trajectories (qu @qu» ¢o) and the
nominal values of system parameters (&,) are
known in advance (or decentralized scheme),
while many other methods rely heavily on the
on-line computations to estimate the unknown
system parameters (or centralized adaptive con-
trol). Both theoretical and simulation analysis are
performed to verify the effectiveness of the sug-
gested control algorithms. The vesults of this
study can be summarized by pointing out that:
the joint accelerations are not required in the
control law; no exact knowledge as well as
parametric values of the dynamic model are need-
ed; the control torques in the model-based
precompensation can be calculated off-line with
less computational effort (this is particularly
promising for real-time applications) ; the robust
control part is intended to postcompensate for the
effect of any higher-order uncertainties in the
system ; by Lyapunov stability method, we can
conclude with certainty that the proposed control

laws can guarantee at least the UUB results of all
signals (or tracking errors) under the significant
uncertainties.
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Appendix

Proof of lemma 2

Noting from (9) that the model-mismatch uncer-
tainty becomes

I T <iM-Mll &

+lCc—Gll e+ | G- Gl
Using [A2] and [P6], we can obtain the following
inequality

Tl <pull €|+ (ol gli+osl gal)

” €r ” + 014
gn011(” qa H +u “ €y ”) +[Plz(|| qq H
+ e, ) +osll ga ll](ll Q.|

+efen )+ o
<londst Lot pi dl+ prd + (pre+ 012)

ede | ep || + (pne+ ond)| e |

teoul el €.
where | &, | < | gull +elle; ] and | ¢ || < || gu
[+ 1| é. | In this way, by noting that | ¢, || < |
z | and | e, ]| < || z |, the compensaion error
can be finally estimated as

I Tl =a+al z | +a| z |
where

a=pnds+ (p12+ 013) d*+ o1,

a= (P12t 013) ede+ pue+ p12de and

as= o1

The proof is completed.



